Abstract In this paper, we present the design, modelling and experimental validation of a novel experimental cam-follower rig for the analysis of bifurcations and chaos in piecewise-smooth dynamical systems with impacts. Experimental results are presented for a cam-follower system characterized by a radial cam and a flat-faced follower. Under variation of the cam rotational speed, the follower is observed to detach from the cam and then show the emergence of periodic impacting behaviour characterized by many impacts and chattering. Further variations of the cam speed cause the sudden transition to seemingly aperiodic behaviour. These results are compared with the numerical simulation of a mathematical model of the system which shows the same qualitative behaviour. Excellent quantitative agreement is found between the numerical and experimental results.
Introduction
The analysis of complex behaviour in mechanical devices with impacts and other types of piecewise-smooth systems has been the subject of much on-going research (for example, see [9, 18, 33] and references therein). It has been shown that such systems can exhibit a novel class of non-linear phenomena, termed as discontinuity-induced bifurcations (DIBs). These events occur whenever one of the system invariant sets interacts nontrivially with the phase space boundaries where the system is discontinuous. DIBs can lead to dramatic changes of the system qualitative behaviour. It has been shown, for instance, that the transitions to chaos often observed in mechanical systems with impacts are due to grazing bifurcations of limit cycles [34] . These phenomena have been studied in detail and a consistent theory for their classification has been derived by a number of authors (e.g. see [19, 31] and references therein).
As the analysis of bifurcations in piecewise-smooth systems is further expanded, it is becoming increasingly important to carry out an extensive experimental investigation and validation of the theoretical results obtained. Complex behaviour in impacting systems has been observed experimentally in a number of papers in the literature. Examples include the early work on impact oscillators in [3, 5, 27, 37, 46, 48] . More recent papers include the work by Wiercigroch et al. reported in [52] and the results of Piiroinen et al. on impacting pendula [39] . (For further references see also the books [7, 51] and references therein). Particularly, cumbersome dynamics can be observed in the case of impact oscillators with moving boundaries. For example, in [11] , it is suggested that a novel bifurcation phenomenon termed as corner-impact can occur in discontinuously forced impact oscillators.
Cam-follower devices are an important class of impacting systems which are indeed used in a wide range of applications. Typically, the rotation of the cam at some constant speed provides the forcing to operate the follower. The most common example is that of valve trains of internal combustion engines, where the cam rotation imparts through the follower the proper motion to the engine valves while a spring provides the restoring force necessary to maintain contact between the components [25] .
Typically, the cam is designed to rotate at a constant velocity. In practice, often such velocity is varied either by unwanted fluctuations and noise or to satisfy certain design specifications. For instance, in a valve train the cam-follower mechanism works at speeds ranging from about 2500 rpm in large automobile engines to over 10000 rpm in motorcycle racing engines. Despite the design effort, as the engine speed increases, the follower motion can be substantially different from the desired kinematic behaviour [40] . In particular, above a critical rotational speed, the follower detaches from the cam and then impacts intermittently with it (causing the well-known valve floating phenomenon in automotive applications) [35] .
It has been observed that, under variations of the cam rotational speed and other parameters, the follower can exhibit complex behaviour including bifurcations and chaos [53, 54] . Despite their importance in applications, the investigation of these phenomena has been studied little in the existing literature and mostly in the context of smooth non-linear dynamics. Thus, little is known of the nature of the bifurcation phenomena leading to the complex behaviour which is often observed after the follower detachment from the cam.
This paper is concerned with the design, modelling and investigation of a novel experimental rig aimed at testing and analyzing the behaviour of impacting systems and in particular cam-follower systems. Specifically, the aim is to gain an understanding of the complex dynamics associated to the impacting motion following the detachment of the follower from the actuating cam. The aim of the experiment is twofold: (i) to observe and classify the bifurcation phenomena detected in the system; (ii) to provide a new, versatile test rig to validate the latest theoretical results on impacting mechanical systems. In this context, cam-follower based systems can be chosen as a general and useful benchmark problem as they are widely used in various machines and mechanical engineering devices [35] .
Also, we wish to point out some practical issues that further motivate our research (although an exhaustive discussion on all the implications deriving from the use of novel non-linear analysis tools within the context of cam-follower system design is out of the scope of this work).
-In high-speed cams, the presence of unavoidable camshaft fluctuations can affect the accuracy of the follower motion [16, 53] . Starting from the pioneering work of Rothbart [41] , engineers have highlighted the potential advantages of using variable-speed cams and embedding their variablespeed explicitly as a parameter into the design process. We wish to emphasize that the experimental investigation of the non-linear dynamics of the follower after its detachment from the cam can be used to improve the cam design. For example, bifurcation diagrams can be obtained to evaluate the influence on the cam-follower dynamics of various parameters including the cam rotational speed, variable stiffness characteristics, different cam profiles, etc [54] . -The occurrence of impacts is particularly undesired in those applications that require to operate the cam at very variable velocities. Here, as mentioned above, the most common and significant example is the valve train of an internal combustion engine where the occurrence of a contact loss between the cam and the follower at a high speed revolution [29, 47] causes a reduction in the engine performance (due to valve bouncing and floating) in terms of engine efficiency, fuel consumption and emissions [15] . It has been experimentally observed, that at a certain engine speed termed limit speed, the valve bounce amplitude increases dramatically, thereby resulting in what seems to be a chaotic valve motion [35] . Although the occurrence of impacts sets narrow bounds onto the maximal engine velocity, there is a generic trend to advance the limit speed in both passenger and racing automobiles and/or motorbikes. Increasing the engine limit speed allows the engine to run faster and in turn to produce more power. In addition, operating at higher engine speed is also strongly desirable since it is possible to design smaller and lighter engines that produce the same power as larger, heavy engines. Therefore, the reduction of valve bouncing and/or valve floating, as the velocity increases, is established as a primary goal of valve design based on the camfollower mechanism [15, 32] . We remark that in current engines, a prefixed and sufficiently large spring force (and pre-load) is always applied to the camfollower joint to keep the contact throughout the entire rotation [40] . As a natural consequence, there is an increase in the contact force, which induces higher stresses possibly leading to early surface failure of the parts. Moreover, the high-friction valve train reduces the efficacy of the engine system, that works harder to push the follower through its motions [49] . Understanding the complex dynamics of these systems can then be relevant in those applications where it is essential to avoid unwanted impacting behaviour. Indeed, a deeper insight of the postdetachment dynamics could unveil less conservative solutions for detachment avoidance. For example, bifurcation control techniques or active controllers could be used without requiring the use of a stiff closing spring or the design of much more complex desmodromic valves [12] . Also, an exhaustive study on the occurrence of gaps between connecting components will also allow a better understanding of the nature of the resulting noise, vibration, wear and mechanical stress often observed in applications.
The rest of the paper is outlined as follows. In Section 2, the experimental rig is presented together with its implementation. Then, experimental runs are reported in Section 3, showing the main types of dynamical behaviour exhibited by the system. A detailed model of the rig is derived in Section 4, while parameter identification is carried out in Section 5. Here, the comparison between the experimental and numerical results is presented, showing excellent agreement between the expected and observed dynamics.
The experimental rig

Description
The experimental rig considered in this paper is shown in Fig. 1 . As mentioned above, the aim of the rig is to investigate the dynamics of a cam-follower system with particular attention to the impacting behaviour following the detachment of the follower from the cam. In contrast to what presented in [53] , our rig is based on a radial cam with an oscillating flat-faced follower. This type of cam-follower systems are increasingly used in automotive industry in the actuation of overhead valve trains [35] .
Notice that the small follower mass and its high rotational speed do not allow feasible and accurate contact measures (by means of piezoelectric transducers). Moreover, the high frequency range makes it unfeasible to use proximity transducers. Therefore, a different geometry (where for example the cam rotation results in a linear motion imparted to the follower) would make the accurate measurement of the relative motion between the cam and the follower more cumbersome and possible only by sophisticated optical laser transducers. In general, such transducers are expensive and their use implies several constraints on the design.
The rotational geometry of the rig proposed here makes it easier to measure the follower motion and the cam position directly from the cam-shaft and followershaft rotational angles. Furthermore, the choice of an oscillating arm gives a great advantage in terms of reduction of friction at contact points and consequently wearing of pieces and ease of replacement [35] . Also, from a non-linear dynamics viewpoint, the rotational nature of the follower motion makes it easier to avoid the presence of unwanted stick-slip motion due to friction which would make the theoretical understanding of the phenomena observed particularly cumbersome.
These considerations informed the design of the experimental apparatus shown in Fig. 1 where the cam pushes a rotational follower attached through a spring to a rigid fixed iron frame. Note that the cam-follower system in the rig can be assumed to be stiff and large enough to reduce possible vibrations induced by the inertial force. The cam is also equipped with a flywheel which is designed ad hoc in order to compensate undesired oscillations and torque variations due, for example, to the occurrence of impacts. Additional details on the material and the dimensions of each individual components of the rig are given in Table 1 . An important aspect of cam-follower systems is the cam profile. This is typically designed in order to provide the forcing to the follower which is required for it to operate in some desired manner. Usually, the cam profile is obtained by solving a constrained optimization problem (see [35] for further details). Given the wide range of applications, there is a wide variety of possible cam geometries ranging from cycloidal cams to those designed using splines that can even provide discontinuous acceleration to the follower [36] . For this reason, the experimental rig was designed in order to allow easy and direct access to the cam and the flywheel for their possible replacement. Currently, two different types of cam can be alternatively mounted on the experiment which provide, respectively, a simple harmonic motion (eccentric circular cam) and a profile characterized by discontinuities in the acceleration. In this work, we will show experiments related to an eccentric circular cam, which are often used to produce motion in pumps or to operate steam engine valves [35] . Other examples of various applications based on the eccentric circular cam can be found in [10, 14, 20, 22, 50] . The use of circular cams in the automotive field is instead reported in [13, 44] . On-going research activity is dealing with evaluating the effects on the follower motion of a discontinuity in the forcing [38] . It is worth mentioning here that by appropriately designing the cam profile it would be possible to impart any type of desired motion to the follower. This makes the experiment described in this paper an extremely versatile and flexible tool to investigate the non-linear dynamics of impacting mechanical systems.
Implementation
The physical implementation of the experimental rig described above is depicted in Fig. 2 Additional details are included in Table 2 . (A more extensive description of the experimental rig can be found in [17] .) 
Experimental results
As reported in the literature (for example, see [35] ), cam-follower systems can be particularly sensitive to variations of the cam rotational speed, ω. Here, we shall seek to uncover the complex dynamics observed experimentally under variations of ω due to the occurrence of collisions between the cam and the follower. In order to visualize the experimental results, the first step is to acquire the cam profile as described below.
Acquiring the cam profile
The exact cam profile that drives the follower motion can be derived by an automated numerical calculation that returns the cam profile as a function of its experimentally measured angular position.
The identification has been carried out by using the curve fitting toolbox available in MATLAB and working with a subset of data corresponding to one revolution of the cam at low steady-state values of its velocity. This condition obviously ensures the continuous contact between the cam and the follower. The estimation procedure gives the angular displacement,θ c , at the follower joint due to the rotation of the cam when the cam and the follower are in contact, as a function of the cam angular position, θ c . In particular, a seventh-order Gaussian model was used of the form
where θ c andθ c are expressed in radians, and the coefficients a i , b i and c i are estimated numerically using a least-squares algorithm as reported in Table 3 . This result was also validated by deriving a theoretical estimate of the cam profile based on a geometric approach (see Appendix B). Despite its validity, this latter approach relies on the exact knowledge of the cam profile that is typically available if the cam profile is simple enough. In general, we found the practical methodology described above can be more easily adapted to different cam profiles.
A typical experimental time series obtained using such a methodology is shown in Fig. 3 . Here, we depict the time evolution of the estimated angular displace- 
Experimental time series
Using the experimental rig and the acquisition methodology described above, it is now possible to uncover the complexity of the dynamical behaviour exhibited by the system under parameter variations. In general, we observe three regions of different qualitative behaviour associated to different values of ω:
-Permanent contact, where the cam and the follower stay in contact for all time. -P(m, n) impacting behaviour, where the follower exhibits periodic motion characterized by m impacts per period; The period T being equal to 2π n/ω. -Aperiodic motion and chaos.
We now give some representative examples of each of these types of behaviour.
Permanent contact -low velocity regime
In Fig. 3 , the dynamics of the follower at a constant cam angular velocity ω =θ c = 110 rpm is shown.
At this velocity, the restoring force of the follower is higher than the force exerted by the constraint represented by the cam. In this condition, the cam and the follower remain in contact for all time, hence we have θ f =θ c .
It is important to note that permanent contact is experimentally detected up to approximately 125 rpm of ω. For this reason, the set of values ω < 125 rpm will be denoted as the low velocity region.
Detachment
Past the low velocity region, the detachment of the mechanical components is observed. Detachment occurs when the force exerted by the cam over the follower while in contact exceeds the restoring force. As a consequence, we observe temporary unconstrained follower motion. Experimentally, this phenomenon was first observed at ω = ω d ≈ 125 rpm, as shown in Fig. 4 , where the difference between the cam and the follower position is shown for values of ω immediately lower and higher than ω d . Clearly, as the cam speed increases we observe the emergence of peaks in the error dynamics associated to the temporary detachment of the follower from the cam and the ensuing impacting behaviour. 
Periodic solutions
Aperiodic solutions
Past a critical value of the cam velocity, the follower starts exhibiting aperiodic behaviour and sensitive dependence on initial conditions. Representative cases are shown in Figs. 6 and 7 for values of ω > 155 rpm.
Experimental bifurcation diagram
To gain an understanding of the transition from periodic to aperiodic motion, an experimental bifurcation diagram was derived by sampling the follower evolution synchronously with the cam forcing period. The experimental diagram is reported in Fig. 8 . Examples The diagram shows that past the detachment point at about 125 rpm, the periodic behaviour of the system shares the same period of the cam forcing signal for a relatively large range of values of the cam speed ω. Then, suddenly at about 155 rpm, the abrupt transition is observed to qualitative different behaviour which seems to be quickly evolving into a chaotic attractor (points (d) and (e) in the diagram and in Fig. 9 ).
Mathematical modelling
In order to capture the qualitative behaviour of the system and validate the observed experimental behaviour, a proper mathematical model of the system is derived below. The formulation of an appropriate model can be a challenging task for most applications. In the case of cam-follower systems, various models have been proposed characterized by different degrees of complexity, ranging from simple models with 1 DOF (Degree of Freedom) [28] to complex models with 21 DOF [43] that use the additional DOF to include the effects of camshaft torsion and bending, backlash, squeeze of lubricant in bearings and so on. Nevertheless, there is general agreement, confirmed by experience in different applications, that a lumped parameter single degree of freedom model is adequate to represent most aspects of the dynamic behaviour of a cam-follower system (for example, see [2, 4, 21, 28] ).
Rather than neglecting the presence of impacts, the cam-follower is regarded here as a single degree of freedom impacting oscillator with a unilateral constraint.
More precisely, as explained in [8] , we model the follower dynamics under the external forcing u(t) ∈ IR provided by the cam as Reference system attached to the follower (x,ỹ)
Reference system obtained by translating the axes (x, y) to (x 0 , y 0 ) (x c ,ỹ c )
Reference system pivoted at the cam with origin (x 0 , y 0 )
Coordinates of the rotational center in the (x, y) system
Hooking point for spring p B = (x B , y B ), p P = (x P , y P ) Ending points of the mechanical element that avoids rotation of spring p C = (x c , y c ) Point on the cam surface which is nearest to
Intersection between vertical line passing through p A and
Point of follower surface that will impact on the cam where q ∈ IR n , is the vector of the generalized coordinates of the follower system, g is the system vector field and the real valued function f represents the unilateral constraint on the follower position q. Note that u(t) is nonzero only when the two bodies are in contact (i.e. when f (q, t) = 0). Using the terminology of complementarity systems, we say that the two variables f and u are complementary in the sense that 0 ≤ u ⊥ f ≥ 0 (see [9] for further details).
The hybrid structure of model (2) allows to deal mathematically with the presence of intermittent contacts between the cam and the follower during the motion of the system. In particular, we can distinguish two different phases of motion as follows:
1.
Unconstrained mode, when no contact occurs between the two bodies. From the modelling viewpoint, the follower dynamics simply reduces to an unforced harmonic oscillator ( f (q, t) > 0 and u(t) = 0);
2.
Constrained mode, when permanent contact between the two bodies is established. Here the follower dynamics are induced by the specific cam profile ( f (q, t) = 0 and u(t) > 0). 1 In the following subsections, each particular mode of the follower motion will be modelled in accordance with both the schematic diagram depicted in Fig. 10 and the general notation reported in Table 4 .
Follower motion
To derive a mathematical model of the follower motion, we use a standard Lagrangian approach. In particular, the system description can be obtained by solving the 1 The follower motion is constrained to a phase space region bounded by the cam angular position. Table 4 following equation
where L is the Lagrangian function, defined as the difference between the potential energy (U ) and the kinetic energy (T ) of the system
and τ is the external torque given by the nonconservative forces.
Let f e be the elastic force exhibited by the spring. The change in the potential energy of the system can then be given as
We remark that only the potential energy of the spring has been considered here because the center of mass of the follower is assumed to be placed at a fixed point. Consequently, the variation of the potential energy related to the gravity is assumed to be null. Integrating Equation (5), we obtain an explicit expression for U as
Notice that, from 
and, since any spring rotation is impossible by design, i.e. x E = x A , it is straightforward to write
Taking into account that T =
Jθ f 2 and substituting expressions (6) and (8) into Equation (4), we finally obtain
Unconstrained mode
Considering expression (9), the mathematical description of the unconstrained motion of the follower can be simply obtained by solving Equation (3) in terms of the follower angular position θ f , thus yielding
Notice that the right-end side of the above equation is zero since in the unconstrained mode only the conservative elastic force has to be taken into account.
Constrained mode
The contact mode equation can be obtained by treating the cam as an external input acting directly onto the follower. Letθ c (t) be the angular position of the follower when the two bodies are in contact, then the torque τ provided by the cam has to be such that θ f =θ c . Including the external forcing of the cam τ into Equation (10), we have the dynamical equation during permanent contact as:
Impacting law
To model the transient contact between the follower and the cam, we need to add a collision rule to the system equations. Letting t k be the time instant when a generic impact occurs, such a rule gives the postimpact velocity, sayḣ(t + k ), as a function of the preimpact velocityḣ(t − k ). In general, we havė
where r is the so-called coefficient of restitution [8] .
In the case of interest, if the velocity of the contact point p C is continuous, we have
where is the lower side of the follower (assumed flat) oriented towards the cam (see Fig. 10 ). An analytical expression of as a function of θ f is derived in Appendix A.
After simple algebraic manipulations (also reported in Appendix A), the impacting law can be finally expressed in terms of the follower angular position θ f and velocityθ f aṡ
Notice that Equation (14) is dependent upon the coordinates of the contact point p C ≡ (x c , y c ) and their derivatives. Such coordinates are a function of the cam geometry, position and velocity. In the case of interest, the cam is assumed to have an eccentric circular shape. Therefore, as shown in Appendix B, we have
and
where R is the radius of the cam, e is its eccentricity andθ c (θ c ) is the follower angular position when there is contact between the two bodies. Also, as explained in Appendix B, we can obtain an analytical expression ofθ c , as:
Note that the model derived above contains several non-linearities and can be ill-conditioned (high stiffness coefficient). These are well-known obstacles for numerical integration schemes that may require extremely small time steps and robust integrators. It is not the purpose of the present paper to discuss integration methods but we are completely aware of the difficulties resulting from both non-linearities and high frequencies. To overcome the numerical problems here, we used an event driven integration algorithm with adaptive stepsize implemented in the commercial platform MATLAB [26] . During simulations, when an impact occurs, the restitution law has been taken into account by a reset in the velocity follower value according to Equation (14) .
Identification of the model parameters
In order to perform the numerical validation of the experimental results presented above, the next step is that of identifying the appropriate values of the model parameters. Many of the parameters can be obtained directly from the experiment as they are related to its physical and geometrical features. The only notable exception is the restitution coefficient r . Table 5 contains all the values of the parameters which are needed to describe the follower motion, in the absence of impacts. The model is then validated against the experiment in Fig. 11 where the unconstrained follower motion is shown. As expected, the model shows a good agreement with the experimental data as highlighted from the time history of the error shown in Fig. 11(b) .
Estimating the coefficient of restitution
The coefficient of restitution r is an index of how elastic a collision is. The problem of estimating r experimentally has been discussed in a large number of papers in the literature on impacting systems and it is usually based on bouncing ball experiments, for example, see [1, 45] . The most common methods are usually based on high-speed data collection of the impact sounds as explained in [6] , or on detailed analysis based on the use of high-speed cameras and force sensors as in [30] . The most basic approach is to consider r as a constant coefficient, whereas in practice it is well known that r is actually an unknown function of the impact speed [6] . Since the impact velocity is not easy to measure, in this work, we assume that the coefficient of restitution r is a function of the cam rotational speed. This is motivated by the observation that higher cam velocities lead to larger detachment of the follower and hence higher approach speed at the impact. In particular, we identified different values of r by running a set of experiments at different constant values of ω ranging from 130 to 155 rpm. Given a fixed cam ve- Fig. 12 where the solid line represents the linear least-squares fit which is used to obtain the numerical results presented in the rest of the paper. Although using the cam velocity instead of the actual approach speed in estimating r is a strong approximation, the good agreement between simulations and experiments seems to confirm the validity of the adopted approach. 
Simulation results
Using the model and the parameters obtained as discussed in the previous section, we perform a set of numerical simulations at the same values of the cam speed used in the experiments. We present the results of the simulation in the three regions associated to the different qualitative behaviour observed in the experiments.
Permanent contact and detachment
We start our numerical investigation by using low values of the cam rotational speed. As shown by contrasting Fig. 13 with Fig. 3 , we obtained a remarkable agreement between the experimental and numerical data confirming the presence of permanent contact in the low range of ω values.
By using the mathematical model, we were able to compute analytically the value of ω at which detachment between the cam and follower is bound to occur. By using an inverse kinematic approach [35] , this value was computed to be 125 rpm in perfect agreement with the experimental results reported above.
Periodic regime
When ω is increased past the critical value at which detachment occurs, the numerics show the same qual- itative behaviour observed experimentally. Namely, as shown in Figs. 14 and 15, we observe a good agreement between the periodic behaviour observed experimentally and the simulated trajectories. This also confirms the validity of the estimation strategy used to obtain the value of the coefficient of restitution r as a function of the cam rotational speed ω.
Bifurcation diagram
We can now verify whether the model captures the bifurcation behaviour observed experimentally in order to provide a further insight on whether the sudden transition to a seemingly aperiodic behaviour observed in the experiment is indeed a feature of the cam-follower system of interest. The numerical bifurcation diagram is shown in Fig. 16 and compared with the experimental one in Fig. 17 . The agreement between the numerical and the experimental diagram is remarkable. This confirms that at a critical value of the cam rotational speed the system exhibits a sudden transition from the apparently robust periodic behaviour born after detachment to a seemingly aperiodic attractor.
The theoretical classification of this bifurcation is currently under investigation. Preliminary results indicate that the sudden transition detected both experimentally and numerically cannot be explained simply in terms of a grazing bifurcation typical of impacting systems. There are strong indications that such a transition might be due to the relative position of the impact point of the follower along the cam surface when an impact occurs. In particular, we conjecture 17 Comparison between experimental and numerical bifurcation diagrams that this phenomenon might be the smooth counterpart of the corner-impact bifurcation whose existence was recently conjectured in [11] . This is the subject of ongoing work.
Conclusions
We reported the design, modelling and analysis of a novel cam-follower mechanical rig to test and validate the complex behaviour of impacting mechanical systems. After presenting the main features of the proposed experimental apparatus, we carried out an extensive experimental investigation of its dynamics. We observed that the system can exhibit complex behaviour and aperiodic solutions following the detachment of the follower past a critical value of the cam rotational speed. A careful modelling of the rig was carried out and used to verify the experimental results. By using an appropriate strategy for the identification of the coefficient of restitution as a function of ω, it was confirmed that the model of the rig captures the sudden transition from periodic to aperiodic solutions observed in the experiments. Preliminary results seem to show that such transition is due to a novel class of bifurcations which is currently under investigation.
We wish to emphasize that the results reported in this paper can be helpful: (i) to establish the cam-follower experimental rig as a versatile and flexible tool for the experimental analysis of bifurcations in impacting systems and (ii) to uncover the mechanisms leading to the occurrence of complex behaviour in such systems. For example, as suggested in [11, 38] , different cam profiles can be easily mounted on the experiment in order to validate the theoretical results on bifurcations of impacting systems. Also, gaining a better knowledge of the complex behaviour associated to the detachment of the follower from the cam can support the design of more sophisticated controllers aiming at avoiding its occurrence.
